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Thrackleation of graphs and global optimization for quadratically constrained
quadratic programming are used to find the octagon with unit diameter and largest
area. This proves the first open case of a conjecture of R. L. Graham (J. Combin.
Theory Ser. A 18 (1975), 165–170). © 2002 Elsevier Science (USA)
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1. INTRODUCTION
Consider polygons in the plane with n sides (n-gons for short) and unit
diameter. Which of them have maximum area? In 1922, Reinhardt [4]
showed that regular polygons have this property for n odd. Moreover, for
n=4, the square with diagonal 1 has a maximum area of 12 , but an infinity
of other 4-gons are equally large. In 1975, Graham [3] showed that there is
a unique hexagon with maximum area, about 4% larger than the area of
the regular hexagon. He also formulated a conjecture on the shape of
largest unit diameter n-gons for n \ 8 and even. We solve here the first
open case, i.e., the octagon, using thrackleations of graphs and a global
optimization algorithm.
2. LINEAR THRACKLEATIONS
Given a finite subset X of the Euclidean plane, the diameter graph D(X)
is obtained by taking the points of X as vertices and joining by an edge
those pairs of points at a maximum distance. A linear thrackleation Gg of a
graph G is a representation of G in the plane such that (i) edges of Gg are
straight line segments connecting certain pairs of vertices, (ii) any two edges
of Gg have exactly one common point and (iii) no vertex coincides with an
interior point of an edge. A caterpillar is a tree in which each vertex is
joined by edges to at most two interior vertices of the tree (and to any
number of leaves).
Let Xn be the set of vertices of the unit diameter n-gon with maximum
area, Graham [3] proved that D(Xn) has a linear thrackleation (Graham
actually proved the case n=6, but the proof extends to any n). The follow-
ing result on linear thrackleation is proved by Woodall [5]:
Theorem 1. A finite graph has a linear thrackleation if and only if it is
the union of disjoint caterpillars or it consists of an odd-gon together possibly
with extra vertices some or all of which are joined to vertices of the odd-gon
by edges (so every edge in the graph is incident with at least one vertex of the
odd-gon).
It follows that D(X6) must have one of 10 possible configurations. By
examining each configuration separately, Graham [3] found the optimal
one and reduced the problem to a global maximization problem in one
variable, which is easily solved.
Extending this approach to the case n=8, it is easy to show that a linear
thrackleation of D(X8) must have one of 31 possible configurations. They
are represented in Fig. 1.
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FIG. 1. Linear thrackleations of the octagon.
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FIG. 1—Continued
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3. GRAHAM’S CONJECTURE
Graham [3] conjectured that the unit diameter octagon with largest area
has configuration (31). Through time-consuming computations with the
algorithm of [2], it has been shown in [1] that the optimal area for this
configuration is approximately zg=0.7268. This was done as follows.
Consider the variable definition as presented in Fig. 2.
The quadratically constrained quadratic optimization problem defining
configuration (31) appears below. By symmetry, and without any loss in
generality, the constraint x2 \ x3 is added to reduce the size of the feasible
region:
max
x
1
2 {(x2+x3−4x1) y1+(3x1−2x3+x5) y2+(3x1−2x2+x4) y3
+(x3−2x1) y4+(x2−2x1) y5}+x1
s.t. ||A0−A1 || [ 1 : (x1−x2)2+(y1−y2)2 [ 1,
||A0−A2 || [ 1 : (−x1+x3−x5)2+(y1−y3+y5)2 [ 1,
||A0−A6 || [ 1 : (x1−x2+x4)2+(y1−y2+y4)2 [ 1,
||A0−A7 || [ 1 : (−x1+x3)2+(y1−y3)2 [ 1,
||A1−A2 || [ 1 : (2x1−x2−x3+x5)2+(−y2−y3+y5)2 [ 1,
||A1−A3 || [ 1 : (2x1−x2)2+y22 [ 1,
||A1−A4 || [ 1 : (x1−x2)2+(y1−y2−1)2 [ 1,
||A1−A7 || [ 1 : (2x1−x2−x3)2+(−y2+y3)2 [ 1,
FIG. 2. Definition of variables for configuration (31), conjectured by Graham to have
maximum area.
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TABLE I
Coordinates of the Vertices of the Optimal Octagon
i 0 1 2 3 4 5 6 7
ai 0 −0.40980 −0.5 −0.26214 0 0.26214 0.5 0.40980
bi 0 0.22442 0.63947 0.96503 1 0.96503 0.63947 0.22442
||A2−A3 || [ 1 : (x3−x5)2+(−y3+y5)2 [ 1,
||A2−A4 || [ 1 : (−x1+x3−x5)2+(y1−y3+y5−1)2 [ 1,
||A2−A5 || [ 1 : (2x1+x3−x5)2+(−y3+y5)2 [ 1,
||A2−A6 ||=1 : (2x1−x2−x3+x4+x5)2+(−y2+y3+y4−y5)2=1,
||A3−A6 || [ 1 : (−2x1+x2−x4)2+(y2−y4)2 [ 1,
||A4−A6 || [ 1 : (x1−x2+x4)2+(y1−y2+y4−1)2 [ 1,
||A4−A7 || [ 1 : (x1−x3)2+(1−y1+y3)2 [ 1,
||A5−A6 || [ 1 : (x2−x4)2+(y2−y4)2 [ 1,
||A5−A7 || [ 1 : (2x1−x3)2+y23 [ 1,
||A6−A7 || [ 1 : (2x1−x2−x3+x4)2+(−y2+y3+y4)2 [ 1,
x2−x3 \ 0
x2i+y
2
i=1 i=1, 2, 3, 4, 5,
0 [ x1 [ 0.5 0 [ xi [ 1, i=2, 3, 4, 5. (1)
The optimal value to this problem is zg % 0.726867; the accuracy is about
10−5, with x=(0.26214 0.67194 0.67194 0.90980 0.90980) and yi=
`1−x2i . This yields the vertex coordinates Ai=(ai, bi) presented in
Table I. The regular octagon, and the optimal octagon under configuration
FIG. 3. The regular and theoptimaloctagons (theproofofoptimality is completed inSection4).
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(31) are displayed in Fig. 3. We show in the next section that this is the
largest small octagon.
4. BOUNDING THE THIRTY OTHER CONFIGURATIONS
Using configuration (31) in the previous section, we presented a unit
octagon with area zg=0.726867. We show in this section that zg=0.7268
is an upper bound for the 30 non-optimal configurations,1 therefore
1 Some additional constraints are derived for four of the configurations (see Section 4.3).
answering the question of finding the largest small octagon.
The following notation will be used in the remaining of the paper. Con-
sider two line segments of length one that intersect at one of their end-
points (a, b) and make an angle w. The area of the triangle that their end-
points generates is denoted A0(w)=
sin(w)
2 . The area of the region bounded
by the segments and the circle (x−a)2+(y−b)2 [ 1 is denoted A.(w)=w2 .
More generally, we define Ai(w) to be the maximal area where there are i
vertices at unit distance from (a, b) inside the cone generated by the seg-
ments; Bi(w) is the area of Ai(w) that excludes the area of the triangle
generated by the two segments.
Definition 1. For any positive integer i and real number w, one
defines
Ai(w)=1 i+12 2 sin 1 wi+12
Bi(w)=Ai(w)−A0(w).
Remark 1. One can easily see that for any fixed i, both Ai and Bi are
monotone increasing for w ¥ [0, p3].
4.1. Bounding Configurations (1–9), (11–15), (21–28), and (30)
Consider the case where a thrackleation contains a unit length line
segment that partitions the other six vertices into a group of five points and
one singleton. The left side of Fig. 4 depicts such a case (a full line indicates
that the two endpoints are at unit distance, and a dotted line indicates that
the distance is less than or equal to one).
Let us assume that the area of an octagon containing such a thracklea-
tion is more than zg=0.7268. This area is bounded above by the area
illustrated on the right side of Fig. 4. Let de be a line segment parallel to ac
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FIG. 4. Isolated vertex.
where ||d−a||=||e−c||=1, and where the distance from b to the line
segment de is one. If such construction is possible then let h be the angle
formed by the segments ad and ac and otherwise set h=p3 . This yields the
inequality
zg=0.7268 [ 2B.(h)+cos h sin h+12 (1− sin h), (2)
i.e., twice the area B.(h), plus the area of the trapezoid acde, plus the area
of the triangle abc.
FIG. 5. Upper bound of an area of a configuration which contains an isolated vertex.
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Figure 5 displays this function (2) of h and shows that this upper bound
cannot exceed zg. Therefore, there are no octagon with an isolated vertex
with an area larger than the maximal area of the configuration (31).
Thus, one can eliminate the configurations (1–9), (11–15), (21–28) and
(30).
4.2. Bounding Configurations (10), (16), and (29)
Consider the case where a thrackleation contains a unit length line
segment that partitions the other six vertices into a group of four points
and a group of two points. Moreover, assume that within the group of four
points, two of them are at unit distance from one endpoint of the line
segment, and the two others are at unit distance from the other endpoint.
Fig. 6 illustrates such a case.
Let us suppose that the area of an octagon containing such a thracklea-
tion is larger than zg. Moreover, without any loss in generality, assume that
x3 \ x5.
A lower bound of the angle k formed by the three points (x4, x5), (0, 0)
and (1, 0) can be obtained by considering the heptagon composed by all
vertices except (x6, x7),
zg=0.7268 [ z7+B1(k),
where z7=0.7198 is the area (rounded above) of the largest unit heptagon
which is regular; see [4]. Monotonicity of the function B1 on the interval
[0, p3] implies that k \ 0.484. It follows that x5 \ sin(0.484) \ 0.465.
Similarly, a lower bound on the angle h formed by the three points
(x2, x3), (0, 0), and (1, 0) can be obtained by considering the hexagon
FIG. 6. Two isolated vertices, and two adjacent degree three vertices.
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composed by all vertices except (x0, x1) and (x6, x7). Let z6=0.6750 be the
area (rounded above) of the largest unit hexagon; see [3]. Then
zg=0.7268 [ z6+B1(h)+B1(k)
[ z6+2B1(h)
since x3 \ x5 implies that k [ h. Monotonicity of B1 on [0, p3] implies that
h \ 0.754. It follows that x3 \ sin(0.754) \ 0.684.
The following quadratic program is used to show that such an octagon
does not have an area larger than zg:
max
x
1
2 {x7+x11−x0x3+x1x2−x2x5+x3x4−x4x7+x5x6−x8x11+x9x10}
s.t. 12 {x7+x11−x0x3+x1x2−x2x5+x3x4−x4x7+x5x6−x8x11+x9x10}
\ 0.7268,
(x0−1)2+x
2
1=1, x
2
4+x
2
5=1,
(x2−1)2+x
2
3=1, x
2
6+x
2
7=1,
(x2−x8)2+(x3+x9)2 [ 1, (x4−x8)2+(x5+x9)2 [ 1,
(x2−x10)2+(x3+x11)2 [ 1, (x4−x10)2+(x5+x11)2 [ 1,
xi−xi+2 [ 0, i=0, 2, 4, 8,
x3 \ 0.684, x5 \ 0.465,
x5−x3 [ 0, 0 [ xi [ 1
i=0, 1, ..., 11.
(3)
The algorithm presented in [2] showed that the quadratic program (3)
does not have a feasible solution.
Therefore, there are no octagon with two isolated vertices as displayed in
Fig. 6 with an area larger than the maximal area of the configuration (31).
Thus, one can eliminate the configurations (10), (16), and (29).
4.3. Bounding Configurations (17)–(20)
The analysis in the previous section allowed us to eliminate all configu-
rations except (17) through (20). One can observe that each of these four
configuration is a relaxation of (31). Indeed each one can be derived by
removing from (31) a constraint that two vertices are at a unit distance.
They are depicted in Fig. 7.
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FIG. 7. Relaxations of configuration (31): (a) configuration (17), (b) configuration (18),
(c) configuration (19), (d) configuration (20).
Since theses configurations are relaxations of (31), and since solving
(31) in [1] required more than 100 hours, it is not realistic to apply
algorithm [2] directly. So we derive additional optimality conditions for
these four configurations in order to make use of the algorithm possible.
We start by analyzing configuration (17). Suppose that all the vertices of
configuration (17) are fixed, except A7. If A7 moves away from A6 towards
A0, but remains at a unit distance from A2, then only the area of the
triangle shown in the bottom right of Fig. 7.a varies. The optimal area
occurs either when A2−A7 + A0−A6 or when ||A3−A7 ||=1. This last case
reduces to configuration (31).
Now let us assume that all the vertices of configuration (17) are fixed,
except A3. If A3 moves away from A4 towards A2, but remains at a unit
distance from A0, then only the area of the triangle shown in the upper left
of Fig. 7.a varies. The optimal area occurs either when A0−A3 + A2−A4 or
when ||A3−A7 ||=1. This last case reduces to configuration (31).
Elementary geometrical considerations guarantee that at optimality
A3−A5 + A0−A4 (this is reflected in Fig. 2 by A3=(−x1, y1), A5=(x1, y1)).
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Thus, if there exists an octagon with configuration (17) which has an area
strictly superior than the optimal area of (31), then it must simultaneously
satisfy the three perpendicularity constraints: A2−A7 + A0−A6, A0−A3 +
A2−A4, and A3−A5 + A0−A4.
Similar arguments hold for configurations (18) and (19).
Configuration (20) is different from the cases (17)–(19) because the two
vertices which will be moved, A3 and A4, are not neighbors in the thrack-
leation and are not at unit distance from each other in configuration (31).
Thus, as done above for the case (17) consider the triangle in the top left
part of Fig. 7.d. If A3 moves away from A2 but remains at unit distance
from A7, then the optimal area occurs either when A2−A4 + A7−A3 or
when ||A3−A0 ||=1. This last case reduces to configuration (31).
Similarly, if A4 moves away from A5 but remains at unit distance from
A0, then the optimal area occurs either when A3−A5 + A0−A4 or when
||A4−A7 ||=1. This last case reduces again to configuration (31) (for clarity,
the triangle was not drawn in Fig. 7.d).
Thus, the above analysis on A3 and A4 imply that if there exists an
octagon with configuration (20) which has an area strictly larger than the
optimal area of (31), then it must simultaneously satisfy the two perpendic-
ularity constraints: A2−A4 + A7−A3 and A3−A5 + A0−A4.
TABLE II
Differences with Configuration (31)
Constraint
Configuration Changed Removed Perpendicularity
(17) ||A3−A7 || [ 1 x2−x3 \ 0 A2−A7 + A0−A6
A0−A3 + A2−A4
A3−A5 + A0−A4
(18) ||A2−A7 || [ 1 x2−x3 \ 0 A2−A6 + A1−A3
A3−A7 + A0−A6
A3−A5 + A0−A4
(19) ||A2−A6 || [ 1 A1−A6 + A5−A7
A2−A7 + A1−A3
A3−A5 + A0−A4
(20) ||A0−A3 || [ 1 x2−x3 \ 0 A3−A7 + A2−A4
||A1−A3 || [ 1 x1 [ 12 A3−A5 + A0−A4
||A2−A3 || [ 1
||A4−A3 || [ 1
||A5−A3 || [ 1
||A6−A3 || [ 1
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The quadratic programs associated to each of these four configurations
differ from (1). The differences are summarized in Table II. For each con-
figuration the table presents the constraints that are changed (due either to
inequality sign, or to a change in variables), then the constraints that are
removed (except in configuration (19), we cannot add here the constraint
based on symmetry), and finally the perpendicularity constraints (note that
the constraint A3−A5 + A0−A4 is already present in (31)). These new
quadratic constraints follow from analyses as above.
The most important differences are for configuration (20) where the
coordinates of A3 are now defined through a new variable: A3=(−x6, y1).
There is no new variables for the y coordinate since A3−A5 + A0−A4.
Each of these quadratic program (with the additional constraint that the
objective function has to be larger than 0.7268) was solved again by the
algorithm presented in [2]. Each time the algorithm showed that there
were no feasible solutions.
Therefore, there are no octagons with configuration (17), (18), (19) or
(20) with an area strictly larger than the maximal area of configuration
(31); nevertheless since (17)–(20) are relaxations of configuration (31), one
obtains the optimal solution presented in Table I for each of these five
cases.
5. CONCLUSION
The largest small octagon has been determined by using linear
thrackleations and a global optimization method, as in Graham’s determi-
nation of the largest small hexagon [3]. There are, however, more cases
and more variables in the global optimization problems. Therefore an
advanced branch and cut algorithm for nonconvex quadratically con-
strained quadratic programs had to be used.
Thus, we have shown that Graham’s conjecture is confirmed in the case
of the octagon. The largest small octagon is 2.78% larger than the regular
octagon. This percentage is less than the case of the hexagon (4%); see [3].
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